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Abstract

In this thesis we give an overview of the notion of compressed sensing together with some
special types of compressed sensing matrices. We then investigate the Restricted Isometry
property and the Null Space property which are two of the most well-known properties of
compressed sensing matrices needed for sparse signal recovery. We show that when the
Restricted Isometry constant is ‘small enough’ then we can recover sparse vectors by ;-
minimization. Whereas if the Restricted Isometry constant is ‘large’, we show that [;-

minimization fails to recover all sparse vectors.
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Chapter 1

1 INTRODUCTION

Nowadays people live in the centre of a digital revolution that is driving the development and
deployment of new kinds of sensing systems with ever-increasing accuracy and resolution.
By looking at the typical way that signals are processed, one finds that signals are captured at
a rate far from the information rate needed for the traditional technique in which signals are
sampled at a rate satisfying the Nyquist-Shannon theorem. This theorem (technique) states
that to avoid losing information when capturing a signal, one must sample the signal two
times faster than the signal bandwidth (i.e. twice the highest frequency) [2]. On the other
hand, when it comes to storing this signal, in images or videos for example, eventually a lot
of the captured information will be thrown away in order to compress the signal to fit the
available storage/processing capacity. Therefore, only a small proportion of the captured
signal will be kept as compared with the amount captured. Because of this people started
asking: can we just measure at the information rate? This is exactly the question that the new
acquiring paradigm known as compressed sensing is trying to answer [6]. In this thesis, the
mathematical concepts of compressed sensing, which is a classical problem in linear algebra,
will be presented first together with some particular applications of this new sensing scheme.
Furthermore, properties of the sensing matrices (also known as dictionaries) that compressed
sensing work by will be discussed. We shall also highlight the difficulties that exist, in terms
of both computation and construction, in designing dictionaries that satisfy these properties.
Finally, the form of the matrices where compressed sensing theory cannot be verified will be
discussed in details with some motivations to build compressed sensing matrices. This work
contains some basic but interesting results, e.g. theorem (2.1) and theorem (2.3) together with
a detailed exposition of results given in [11] for constructing failing compressed sensing

matrices.

1.1 Solution of Linear Equations

In this chapter we give a brief introduction on solutions of linear equations in general and
then we focus on the particular case of underdetermined systems where we have infinitely

many solutions. As a motivational introduction to compressed sensing, we give some real-



world applications for which the corresponding underdetermined systems have infinitely

many solutions.
We start by considering a system of M linear equations with N unknowns which has the form
Y1 = Q11X+ Q12X + o+ QinXy

Y2 = @21X1 T QX + o+ QonXy

Yu = Pu1X1 T PuaXz + 0+ QuyXy.
The above system can also be written in the form of matrices as below:

V1 Y11 P12 - PN]|[*1

Yo _ P21 P22 Pan [ ] %2 _

More concisely we can say that

y = dx (1.2
X1 V1
. . ) X
where & € RM*N s the coefficient matrix, x = 52 eERN andy = yz € RM are vectors.
XN Ym

In general, there exist a solution to (1.1) if and only if y € R(®P), where R(®P) is the range

of ®. If (1.1) has a solution, then we have the following two possibilities:

1- M = N: The solution is unique iff N equals the rank of the coefficient matrix .

2- M < N, (1.1) has infinitely many solutions.

The last case is known as an underdetermined system of equations. To sum up, basically
system (1.1) is either inconsistent (i.e. there is no solution to it) or consistent (i.e. there is a
solution to the system (unique or infinite)). We are interested in focusing on underdetermined
systems where there are infinitely many solutions, especially when the number of rows is
significantly less than the number of columns (i.e. M « N). This interest relates to the
situation when; we have some data (i.e. a high dimensional vector) and we have some
measurements (i.e. a linear combination of coordinates) but the number of measurements is

not enough to reconstruct the original data (or at least it looks like we do not have enough
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measurements to figure out what the data is). This is the principle that Compressed Sensing
works by. Compressed Sensing is about the conditions under which we can solve the
underdetermined system and the methods by which we can reconstruct/sense the data. This
principle of compressed sensing is very important for the applications in which measurements

are expensive or very limited.

In the rest of the introduction, we give a brief description of some compressed sensing
applications. Firstly, we describe the Netflix problem as an instance of recommender systems
which vyields an underdetermined system of equations that can naturally be solved by
compressed sensing techniques. In the second example, we recast traits that are produced by
some genes as an underdetermined system which has a special structure that enables applying
compressed sensing. Lastly, the role of compressed sensing in Magnetic Resonance Imaging

scanner is discussed.

The dissertation’s outline is as follows. Chapter 1 is an introduction, presenting solution to
linear systems of equations, in general, and three examples of compressed sensing
applications. It also contains some basic definitions and general discussion about [,-norm and
l;-norm. The restricted isometry property, which is a sufficient condition that compressed
sensing matrices should satisfy and its relation with null space property is discussed in
Chapter 2. Finally chapter 3 interprets matrices that fail to satisfy the Null Space Property,

and motivations to construct a general form of these matrices.

1.2 Compressed sensing applications

The term ‘compressed sensing’ first coined by David Donoho in [12]. It is a field which has
been growing slowly in the last two decades and exploded in the last six years. The list of
real-world applications of compressed sensing growing fast and includes recommender
systems (e.g. Netflix problem), genetics, Medical Imaging, Signal processing, recovery of
missing data, computational biology, machine learning and many more. We selected MRI,

the Netflix problem [1] and genomic to discuss in more detail.

1.2.1 Netflix Prize

The Netflix prize® is one of the most famous applications of CS. The Netflix has thousands

of movies and millions of customers. The Netflix prize problem is about being able to predict

! Netflix is a company that rents out movies to costumers, at the beginning they were sending the movies to
the costumers’ home but now they have an online website whereby you can watch thousands of movies.
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a very large rating matrix whose rows are indexed by movies and columns are indexed by
costumers and the (i, j) ratings entry the hypothetical value assigned by customer i to the j-th
movie. One would like to complete this matrix so that Netflix might recommend titles that
any particular user is likely to be willing to order. Of course, not every costumer has rented
all movies in Netflix, therefore only a small fraction of entries are actually known. However,
if one makes an assumption that most costumers’ rating preference is determined by only a
small number of characteristics of the movies, (e.g. genre, year, director, actor/actresses etc),
then the matrix should be of (approximately) low-rank. Hence, we end up with a highly
underdetermined system of equations that has a special structure where CS paradigm could
lead to a solution.

The next example has been paraphrased from [8].

1.2.2 Compressed sensing in Genetics

Another real-world application of CS is in genetics. We begin by considering system (1.1)
such that M « N (i.e. number of rows is much less than the number of columns). Doctors are
interested in finding the location on the genome which is responsible for a trait, for instance
cholesterol level. For modelling this problem mathematically, assume y to be the number of
measured cholesterol level of patient i, and & be a matrix whose rows (i) present the i-th
patients and columns (j) is the locations of genome responsible of producing trait, see figure
(1). Let us assume locations on the genome that possibly have an influence on cholesterol
level to be 500,000 and we have only a few thousand people to study. Therefore, it is a highly
underdetermine system of equations to solve. Nonetheless, there are few genes that might be
responsible for cholesterol level and in this case we might be able to assume x is sparse. Then
the solution will be sparse as well. Roughly speaking sparse means that there are lots of zeros

in the solution and we give the formal definition of sparse solution later in this Chapter.

Number of genes in patient i

HE E B =E E[X Y1

Number of {[- " E = -][E]—[E]
patients - - - - - xi yi
t

Dixj

Measured
Cholesterol level

Figure 1: Mathematical model for determining locations on genes that produce trait.



1.2.3 Compressed Sensing and Magnetic Resonance Imaging (MRI)

The theory of compressed sensing was initially inspired by a problem in Medical imaging,
specifically in Magnetic Resonance Imaging (MRI), see figure (2). The problem was to speed
up the acquisition time in MRI scanning which has serious limitations. However, the speed at
which data can be collected in MRI is fundamentally limited by physical (gradient amplitude
and slew-rate) and physiological (nerve stimulation) constraints. For instance, when a patient
is inside MRI scanner device, he or she should not move otherwise the image collected by the
scanner will be blurred. Therefore, many researches are seeking for methods to reduce the
amount of data acquired without degrading the image quality. In other words, since we
cannot reduce the relaxation time we might think of taking fewer samples to create a good
resolution image. Now, since most of MRI images after transforming to an appropriate
domain are sparse, CS can be used for this purpose.

MRI Scanner Cutaway

Radio / '} = s - 2 Patient

Patient

Gradient
Colls

Magnet

Scanner

Figure 2: What is inside Magnetic Resonance Scanning [9].

1.3 1 -Minimization versus l,- Minimization

In this sub-section, we start by defining [y-norm which we need in order to define the sparse

solution. Later, the reason behind minimizing l;-norm instead of [,-norm will be discussed.
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We also give an example to show that minimizing [;-norm may not be the same as
minimizing to [y-norm, and present a theorem by E.J.Candes, which states that under some
conditions (that we discuss later in this chapter) [;-minimization is equivalent to l;-

minimization.

Definition (1.1) [ l,-norm]:

X1
Letx = [ :
XN

€ RY be a vector, then [,-norm denoted ||-|| 1,» for a vector x is

N
Iell iy = [Lif x, % 0,0 if x, = 0]
i=1
Note that [,-norm is not quite a norm according to the mathematical definition of norm,

because the following axiom of norm does not hold
levll = lalllv]l

when « is a negative scalar, and v is an element of a vector space V. Next, we define the

sparsest solution by using definition (1.1).
Definition (1.2) [Sparsest Solution]:

The solution of an underdetermined system of equations y = ®x with the smallest

(minimum) ly-norm is called the sparsest solution, and is denoted x;, , i.e.

Il = min Il
y=0x

Solving an underdetermined system whose solution is sparse is like finding the sparsest
solution that explains the data. Mathematically, we can cast this as an optimization problem
where we try to find among all vector x such that y = ®x the one that has the smallest [,-
norm (i.e. we want to find the smallest number of columns of & such that the linear
combination of these columns vyields y), and it is known to NP-hard problem because no
deterministic algorithm is known to solve the problem in a polynomial time. Roughly
speaking, there are two classes of problems, ‘P’ (i.e. easy to find) versus ‘NP’ (i.e. easy to
check) which is about investigation of which kind of problems can be solve by computers,

and which types cannot. Basically, P-class problems are “easy" for computers to solve; that
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is, solutions to these problems can be computed in a reasonable amount of time compared to
the complexity of the problem. Meanwhile, for NP-hard problems, a solution might be very
hard to find perhaps requiring an unknown number of years’ worth of computation, but once
found, it is easily checked?. Therefore, instead of minimizing l,-norm we try to minimize
what is known as [;-norm because this is a ‘P’ problem. In this manner, we need to state the

definition of [;-norm.

Definition (1.3) [ I;-norm]:

X1

Letx = [ :
XN

€ RY be a vector, then I;-norm for the vector x is

N
il = > 1l
i=1

and, given a system (1.1)

g
Il = min 1l

y=qx
where x;, is a minimization of ;-norm. In general,
Xp, F X, -

Let us take an example to illustrate this. Consider the underdetermined system below

[ % Al 6

]

solves the above system. Let Q = {1} and Q¢ = {2,3} where Q < {1,2,3} for N = 3 and

Then the vector

? Clay Mathematics Institute in U.S listed ‘P versus NP’ as one of its millennium problems.
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X1 -3 0
Xq = Xp) = [8] This implies that xq = [ 8 ] and xqc = %] Next, we find [;-norm and

lo-norm for both x, and xqc . Now,

Ixqll, =3 and |lxqll;, = 1.
But

lIxgell, =3 and  llacgelly, = 2.

Therefore, x;; # x;,. In other words, x;, is a unique minimizer of (1.2) system but x;, = 3 is

not the unique minimizer of (1.2). We can take x, = —zyc which also minimizes (1.2). This

implies that
D(zq + zqc) = 0.
Then
bzy = —DPzge
and now
y = ®zq.

Hence x;, is not unique in general. Moreover, under some conditions when @ is 'nice’ then
x;, = xg, [7]. In order to state the theorem whereby x;; = x;, we need two definitions which

are restricted isometry property and sparse vectors.
Definition (1.4) [k-sparse vectors]:
Let x € R" be a vector. Then x is said to be a k-sparse vector if
lIxlly, < k
In other words, a vector x is said to be k-sparse if at most k coefficients of x; are non-zero.

In order to be able to define the property which is known as Restricted Isometry Property

(RIP) we need to define what is known as [,-norm.



Definition (1.4) [ I,-norm]:

X1

Let x = [ :
XN

€ RY be a vector, then [,-norm for the vector x is

lIxll, =

Next, we define Restricted Isometry, a property which was first introduced by E. Candes and
T.Tao in [4].

Definition (1.5) [Restricted Isometry Property (RIP)]:

An M x N matrix @ is said to have the restricted isometry property (RIP) of order k if there
exist 6, € (0,1) such that

(1 =8)llxll, < llPxll;, < (1 + 8)lIxlly, (1.3)

for all k-sparse vectors x. Also, one can define the Restricted Isometry Constant (RIC) as the

smallest number &, such that (1.3) holds for every k-sparse vector x.

Note that in (1.3), ® is a big matrix such that the number of its rows are much less than the
number of its columns (i.e. M «< N ). This means that the matrix @ cannot act like an
isometry on arbitrary vector because ® has a huge null space, denoted V' (®). In other words,
there are many x’s (arbitrary vectors) for which ®x will be zero. In terms of RIP definition,
this means that we cannot have a lower bound in (1.3). But if we assume that the RIC &, is
not too ‘big’ in (1.3), then it means that by selecting k-columns of @ then if x is k-sparse we
want to preserve a norm. Another way of expressing RIP definition is that by extracting k-

columns of @, sub-matrices will be well-conditioned. In fact the condition number in (1.3) is
simply (%). Geometrically, RIP gives that k-columns of ® are not orthogonal if one
Ok

represent them in space but they are not too far from orthogonal. Therefore, by assuming that
the solution of (1.1) is k-sparse then it is possible to recover x if the sparse vectors lie away
from the null space of @ (V' (®)) because if N (®) contains sparse vectors then ®x = 0 so

there is nothing we can do. We previously showed that x; # x;,, but in 2008 E.J. Candes

showed that x;, = x;, by the following theorem:



Theorem (1.1) (Candes, 2008 [7]):

If the matrix @ has the property of RIP with the restricted isometry constant &,, <+v2 —1,

then for all k-sparse vectors x such that y = &x, the solution of x;; = x;.

In the next chapter, we will discuss proof of theorem (1.1) after providing appropriate
lemmas that we need to construct the proof. Also, in chapter 2, we discuss a known technique
for computing RIP and we propose a method in this manner which requires less
computational cost. Finally, by the end of chapter 2 we see that when the restricted isometry
constant is small ‘enough’ then we can find a sparse solution (unique sparse solution) of
system (1.1) by using [;-minimization. Whereas in chapter 3 we will show that when the
restricted isometry constant reaches 1 (more concisely when &,, = 0.7071) then [;-

minimization cannot recover all sparse vectors.
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Chapter 2

2 Restricted Isometry Property and Null Space Property

In this chapter we aim to show that the restricted isometry property does imply the null
space property (NSP) (the formal definition of null space property will be given later in this

chapter). This relation will be showed by the following theorem:

Theorem (2.1) ([10] Devanport et al., Theorem 1.5): Suppose that ® € R”*V is a matrix

satisfying the RIP of order 2k with the restricted isometry constant (RIC) &§,, < v2 - 1. Then
& satisfies the NSP of order 2k with constant

_ V265
11 +V2D)5y

The idea of the proof is based on the same approach that given in [10], but we give a full
explanation of the proof. We shall first prove a few appropriate lemmas and proposition that
we need to construct the proof of theorem (1.1). The first step is to show that for any vector

x, we have

llxpcllyy

vk

lxall;, = C

for the case where A is the index set corresponding to the 2k largest entry of x, A€ is the
complement of A. Lemma (2.8) is another essential step of the proof states that if a matrix @

has RIP of order 2k then any nonzero vector x € R" has the following form

leasll,, 1@y, @)
vk ||?CA||12

lxally, < @

where a = f?", B = N 2 Ao €{1,2,...,N} and whose cardinality |Ay| <k. In
—02k —02k

particular, we apply lemma (2.8) to the case where x € V' (®). Then lemma (2.7) will be

. The proof of the theorem requires many other technical results about the

applied to [|xs .
1

various norms computations. Furthermore, the techniques of computing RIP of matrices will
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be discussed later in this chapter but we start by proposing a method whereby RIP of a matrix

can be computed more efficiently in comparison using the definition of RIP.

Proposition (2.1): Let @ € RM*N be a matrix, then & has RIP of order k if there exist a RIC
&, € (0,1) such that

(1= 8)llxll, < 12xl;, = (1 + 8i)llxlly,

for all k-sparse vectors x, and X is the diagonal M x N matrix whose entries are the first

singular values of ®T .

We spilt the proof of this proposition in to two cases; firstly we show that when M = N then
the problem of computing RIP of matrices will be reduced to computing Eigenvectors,
secondly for underdetermined systems (i.e. when M < N) we simply construct the inequality
in proposition (2.1) by considering what is known as Singular Value Decomposition (SVD)
method together with the fact that two of the matrices that SVD procedure produces are

preserving norms.

Finally, we end this chapter by giving a brief discussion about geometrical behaviour of RIP
of order 1, i.e. when the number of nonzero component of the vector x is 1. Then we show
that when @ has RIP of order 2k with §,;, < 1 then any k-sparse solution to system (1.1) is a

unique solution.

Before going to discuss the relation between RIP and NSP we need to define NSP. For stating
NSP we need to define some particular notation. In this manner, let ® € R¥*N be a given
matrix, A € {1,2, ..., N} and |A| < k, then for any vector x = (xq, x5, ..., xy) the vector x, is
obtained from x by keeping all coordinates whose indices are in A and replace all other
coordinates by 0. For instance the subset A = {1,3,5,10}. Then the vector x according to the

index set A will be as follow:
XA = X{1‘3‘5‘10} = (xl,O, X3, 0,X5,0,0,0,0, xlO,O, )

In words, vector x, contains four non-zero entries in the first, third, fifth and tenth row
otherwise the entries are all zero up to the twentieth entry. Furthermore, the vector x in terms

of the complement of A (i.e. A°) will be as follow

XAC = X(24,678911,..3 = (0,%2,0,%4,0, %, X7, Xg, X9, 0, X11, ...).

12



We now turn to define another property of matrices called the Null space property (NSP). We

give a definition of NSP and then we discuss the relation between RIP and NSP.
Definition (2.1) [Null Space Property]:
An M x N matrix @ is said to have the Null Space Property (NSP) of order k for C € (0,1)
if

xalls, < Clixpells, (21)
where A € {1,2, ..., N}, |A| < k,and x € NV (D).

2.1 Relation between RIP and NSP
In order to be able to state the relation between RIP and NSP, we need a series of lemmas.
We start by considering the Cauchy-Schwarz inequality and Triangle inequality and we show

the proof of the second one.
Lemma (2.1) [Cauchy-Schwarz inequality]:
For any vectors x and y in RY
[$x, M < Mlxll, [y 1l (2.2)

where |{x, y)|: R¥ x RN — R is the absolute value of the inner product (x, y). Equality holds
if and only if x and y are linearly dependent, i.e. when x = ay for some scalar a then above
inequality becomes

1<, ) = llxlls, Iyl
This lemma will be used later in the proof of lemma (2.5) and lemma (3.2).

Lemma (2.2): Let A € B < {1,2,---, N} be two sets, then for any vector x € RY

lIxalli, < llxplli, -

1 1 1
Proof: ||3CA||12 = Cieax)?? < Ciep(x)D2 + Cieap(x)?)z = ”xB”lz-
Lemma (2.3) [Triangle Inequality]:

For any n-vectors x € RY and any norm ||-||,

13



n

s+ 4+l < )l

i
Proof: The proof follows by mathematical induction.

Next, we show that the cardinality of two disjoint sets is less than or equal to sum of the
cardinality of the first set and second set minus the cardinality of first set intersect with the

second one.
Lemma (2.4): If Aand B are sets, then
|AUB| = |A| +|B|—|ANB].
Hence |A U B| < |A| + |B| ifand only if A and B are disjoint sets.
Proof: Since the set of elements in both A and B are A — B and B — A respectively, then
AUB=(A—-B)U(B—A)U(ANB).

Equating the cardinalities of the two sides of above equation, we obtain

|JAUB|=|A—B|+|B—A|+|ANB|. (2.3)
Now
|A—B| =|A| - |ANnB|. (2.4)
Similarly, we have
|B—A| =|B| —|ANnB|. (2.5)

By plugging equation (2.4) and (2.5) into the right hand-side of equation (2.3) we obtain:

IAUB| = |A| + |B| — |[ANnBI.

The following lemma describes the relation between [;-norm and [,-norm of a k-sparse

vector. This lemma will be used later in the proof of theorem (2.1).

14



Lemma (2.5) ([10], lemma 1.2): Consider x € X, where X, is the set of all k-sparse vectors.
Then

[lx|
— < lxly, - (2:6)

Proof: Let A = (x; x5 ... xy) and B = (sign(x;), sign(xy),..., sign(xy)) where
sign(x):R — R is a function
1 if x>0
sign(x) =<1—-1if x<0
0 ifx=0
therefore
Yienlsign(x)|* < k.
Taking the inner product of A and B gives
[{cA, B)| = |x1sign(x)| + |xpsign(x)| + ... + [xysign(xy)].
Because |x sign(x)| = |x/|, then we can write the above expression as
(A, B) = [x1] + || + .o + [xy].
But |x;| + |x5] + ... + [xy] = XV, |x;| , therefore
(A, B)| = T4 1%l .

By the definition of [;-norm, [{A, B)| = ||x|[;, and apply lemma (2.1) on |{x, y}| to obtain

xll, = KA B < Al 1B, < llxlly, lsignll,.

since |Isign(X)l;, = VZenlsign(x)? = Zien(1) = VIN| < VE, then we obtain
lxll;, < VK llxll;,
and this implies

X
lxll, _

s

l1xls,.-
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Next we show another key lemma which we need in the proof of theorem (2.1). Roughly
speaking, the next lemma will describe the relation between [;-norm and l,-norm in terms of

the largest index set.

Lemma (2.6): Let x € RV be a vector and let A be a set consisting of the indices of the
entries with the 2k largest modului. Let Y be a subsets of {1,2, ..., N} such that |A| = 2k and
|Y] < 2k. Then

lIxally, = Nyl (2.7)
lIxall, = llxyll, (2.8)
llxaclls, < llyell, (2.9)

Proof: Consider the definition (1.3) (i.e.l;-norm)
||9CA||11 = Diealxil (2.10)
||9CY||1l = Dievlxil (2.11)

By Comparing (2.10) and (2.11), we can say that the largest magnitude in expression (2.10) is
greater than the largest magnitude in (2.11) by the assumption that x, has the largest

modulus. Also, by the definition of [,-norm
||XA||12 =V 2ieA x;? (2.12)
||XY||12 = Xiev X2 (2.13)

By comparing (2.12) and (2.13), we conclude that the largest element in ;e x;2 is greater
than or equal to the largest element in ¥;cy x;2, and the second largest element in ;e x;2 is
greater than the second largest element in 3;cy x;2 and so on for the rest of elements in both
(2.12) and (2.13). The reason behind this is because the assumption x, with index set A that
has the 2k largest modulus assures that elements in Y, x;2 are the largest elements.
Moreover, taking the complement of A will produce the 2k smallest number; i.e. [A|¢ will
have the smallest size. In contrast, the complement of |Y| is the set |[Y|¢ > 2k, i.e |Y|€ is

greater than the 2k largest element. Therefore, [|x,cll, < |lxy<ll;,.
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Next we state a general result by lemma (2.7), whereby if we take 1,-norm of a vector (for
instance x € R") in correspond to two disjoint sets, then L,-norm of x with respect to union
of the two disjoint sets will be the same as summing [,,-norm of x according to the first index
set and l,-norm of x with respect to the second index set. Before stating lemma (2.7), we

need to define L,-norm.

Definition (2.2) [L,-norm]: Let x € RN be a vector, then L,-norm for the vector x is

1
N P
Il = (2|xi|p)
i=1

Lemma (2.7): Let A and B be two subsets of {1,2,..., N}and A n B = @ . Define x to be a

vector in RN then
”xAUB”Z) = llellfp + ||XB||Z)-

Proof: By the definition of [, norm

N

Illf, = > Il

i=1

Because the union of A and B is the set {1,2, ..., N}, then we can write the [,,- norm of a

vector x, 5 as

1

N
aoslly, = O xl?)7
i=1

Since
o1 1 1 1
O By = (1lP) + (bl )7 + -+ ey )7
i=1

Then we can re-write ||x4,5 ”Z, as

”xAUB”Z) = x1|P + |xo[P + -+ |xy [P (2.14)
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Now, we will count all the elements in the set 4, and we also count all elements in the set B
without counting the repeated elements in both A and B. Now, we can write equation (2.14)

as follow

||x,4u19||57 = | 1P+ ) [x;|P.
p

€A IEB
By the definition of [,-norm: ;¢4 |x;|? = ”xA”Z, and Y;eplx;|P = ||h3||’l"p
Hence
lxauslly) = llxall]) + llxgll7 .
m

Next, we state yet another lemma which we need in order to show the relation between RIP
and NSP.

Lemma (2.8) ([10], lemma 1.3): Suppose that ® € R"*N satisfies the RIP of order 2k, and
let x € RY, x # 0 be arbitrary. Let Ay € {1,2, ..., N} such that |A,| < k. Define A, to be the

set corresponding to the k entries of x,c with largest magnitude, and set A = Ay U A;.

Then

ol | coxy, ox
K Teall,

lxall;, < a

_ V285 1

Where a = o P =T,

Note that lemma (2.8) holds for arbitrary x. In order to start stating the theorem which
illustrates that RIP implies NSP, we need to apply lemma (2.8) to the case where x € V' (D).
The proof of this lemma is a technical proof which can be found in [10]. Keep in mind that
previously we showed a series of lemmas that give us the ability to construct the proof of the

relation between RIP and NSP, given by theorem (2.1).

Theorem (2.1) ([10] Devanport et al., Theorem 1.5): Suppose that ® € RM*" is a matrix
satisfying the RIP of order 2k with the restricted isometry constant (RIC) 8, < V2 - 1. Then
& satisfies the NSP of order 2k with constant
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B V2685,
T 1-(1+V2)6y

Proof : Suppose x € V' (®). It is sufficient to show that

llxzclly

Vk

lxall;, = C (2.15)

holds for the case where A is the index set corresponding to the 2k largest entry of x , i.e.

|A| = 2k. (2.15) implies the NSP definition, given by definition (2.1), simply by multiplying
both sides of (2.15) by vk then apply lemma (2.5) to the left hand side of (2.15) to get

lxally, < VElxall, < Cllixselly,.

: : _ [l el
Hence clearly we get (2.15). Another way of expressing (2.15) is that, if ||lx,ll, < C ?/Fll
and take L € {1, ..., N} such that |L| < 2k , then by applying lemma (2.5) we obtain
llxcpe l; e ll;
Ll < llxally, <€ F<C——
L lz A lz \/E \/F
Hence, clearly
llxLell;
lxLll, <C L,
Next, take A, to be the index set corresponding to the k largest entry of x.
We can apply lemma (2.8) on x as follow
leasll,  Wwxy, 0]
i, <a !
ball, < & =72 EAD (216)

Since x € V' (®), then ®x = 0. Therefore, (®x,, Dx) = 0 and this implies

(@, )] _
||9C/\||z2 .

Therefore equation (2.16) becomes
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lag I

N (2.17)

Now, A; € Ag and A = A, UA; (by lemma (2.8)).

lIxall;, < @

Next, in order to be able to use lemma (2.7) on x,¢ , we need to show that A = A; U A°
and A; N A° = @. Since Ay UA;“={1,2,..,N} and Aj U A; = Ag, then the intersection

between the universal set {1,2, ..., N} and the set Ag U A, will produce the set A , i.e
(ALUAS)N(AGUA) =Ap .

Now, Ag = (A; UA;“) N (A UAp) and by applying the distributive law, we obtain
Ag= (A, NA)U (A NAY).

Since A; U A; = A4, then we can rewrite Ag as follow
Aj= A U(AFNAS).

But A = Aj N A;°, then Aj = A; UA° hence
Aj=A{ UA". (2.18)

Also A;NA°=A;n(Ag N A;°) (because A° = A5 N A;° ). Next, by applying the

distributive law, we get
AN A= (AL NAG N (AL NALS).
Since A; € Ay then (A, N Ag) = A; this implies that
AMNAS =A; NG =0.
Therefore,
AL NAS = 0. (2.19)

Now, equation (2.18) and equation (2.19) enable us to use lemma (2.7) on x, which implies

leagll, = llxayll,, + Heaclly, (2.20)
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which is not equal to zero in general, i.e. A; is the set corresponding to the k largest entry of
o , this means that A° is a non empty set correspond to the other k largest entry of Ag .

Next, apply lemma (2.5) on ||x, ||l in equation (2.20) and we get
1

leagll, < VK e, I, + el - (2.21)

Substituting equation (2.21) in equation (2.17) we obtain

VE [leal, + e,

lIxalli, < @

Vk
This implies
¢ ac Il
IIxAIIIZ < a”xAl”lz + CIT.
Next, we subtract a ||, ||, from both sides
2
[l pc Il
llxall, — allx <qg—.
Alll, ” /\1”12 N
Then by using the fact that A = Ay U A; we obtain
llocac Il
(1 - a)llxall;, < a N

The assumption &,, < V2 - 1 assures that « < 1, and thus we may divide by (1 — a)

without changing the direction of the inequality

a  llxelly,

beall, < Ty =

Hence

llxpclls,

vk

lIxalli, = C

V285 .
_ a _ 1-87k _ 287k
where € = o = (g -0+
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To sum up, RIP does imply the NSP but the converse is not true. Actually, RIP is

significantly more restrictive.

2.2 Computing restricted isometry property (RIP)

The restricted isometry property definition, given by definition (1.5), requires that every
subset of the columns of & with certain cardinality, should behaves approximately like an
orthonormal system. In this chapter we present a known technique for which the restricted
isometry property can be computed for any matrix. Likewise, we proposed a method for
checking restricted isometry property of underdetermined system of equations.

Computing the restricted isometry property (RIP) of a matrix is about computing the value of
®x in system (1.3) and then taking the Euclidean norm of it. Basically, if a matrix @ is a
sguare matrix, then computing RIP of @ is equal with finding the eigenvalues of ®. Note that
RIP of a square matrix ® € RV*N s

(1 =6 )lxlly, < l[Pxll;, = (1 + 8]l -

For an eigenvector x, ®x = Ax where A is the corresponding eigenvalue. Therefore, the
above inequality becomes

(1 =8)Mxll,, < lAxll, = (X + Il

Computing eigenvalues does not make any sense other than square matrices. Thus, to

determine the RIP of non-square matrices, we need to know what is called as Singular Value
Decomposition (SVD). For non-square matrices we are interested in the case where the
number of rows is less than the number of columns. But before discussing the SVD of
matrices, we need another definition known as singular value.

Definition (2.3) [Singular value]:

Let ® € RM*N matrix, then the singular values o, , 0, , ..., oy of ® are the square roots of the

eigenvalues A4, A5, ..., Ay of ®T®, arranged in a decreasing order, i.e.
o, = for1 <i<N.

Next, we define the singular value decomposition of any M X N matrix by using definition
(2.3). Then we propose another method for computing RIP that needs less computation in
comparison with singular value decomposition method which may have computational

implications.
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Definition (2.4) [Singular value decomposition (SVD)]:

D 0

Let ® be an M X N matrix with rank r. Then there existan M X N matrix X = 0 0

],Where

D is the diagonal matrix whose diagonal entries are the first r singular values of @, and there

existan M x M orthogonal matrix U and an N X N orthogonal matrix V such that

& = Uy’ (2.22)
where U = [U1 ... Upy]such that u; = id)vi fori=1,..,Nand V=[V1 .. Uy]are
orthonormal basis of R for eigenvectors of ®7® , and V7 is the transpose of V.

To illustrate SVD in more detail, we select an underdetermined matrix which we are
interested in and compute its Singular value decomposition. Roughly speaking, we can find

SVD of any matrix through the following 5-step algorithm:

Step (1): Compute M = ®Td , where @ is an input matrix.
Step (2): Compute the Eigenvalue and Eigenvectors of M.

Step (3): Determine the singular values of M and then sort them in a decreasing

order.

Step (4): Compute U,Vand X where UandV are orthogonal M x M and N X N
matrices respectively, such that

U=[W Uz - uy]land V=1[V1 V2 - vy
where u; = %d)vi for 1 <i < Nandog; # 0, v; is the unit eigenvector
and o; is the singular value.

Step (5): Computing the matrix ® = UXVT where ¥ is the diagonal M x N matrix

whose entries are the first singular values of M.
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3 2

Example: If A = [2 3

_22] then the SVD of A is

-2 2 1
—_1i [3 3 3]
_ r_|vz vZ|[5 0 O1{1 -1 4
A_UZV_L “11lo 3 O]IVE 18 VEI'
V22 l—_li OJ

V22

Computing the RIP of underdetermined system is about computing the Euclidean norm of
(UxVTx) in (1.3) because by substituting (2.22) back in (1.3) we end up with the following
inequality

(1 = &llxll, < NUZVTx|l;, < (1 + 8 llxlly, - (2.23)

Finally, we conclude a proposition (given by proposition (2.1)), whereby we can compute
SVD of underdetermined matrices in a better way in comparison with (2.23). Next, we give
the proof of proposition (2.1).

Proof (of Proposition 2.1): Let ® € RM*N be a given RIP matrix of order k with &, € (0,1)
such that
(1= 6llxll, < l[Pxll;, < (X + &) llx]ly, - (2.24)

If & = UZVT is the SVD decomposition of & then
| ®xll;, = IUZVT x|,
Since U, V are orthogonal matrices, then they are preserving norms such that

1Uxll,, = (Ux)?

for some vector x € RV, and we are now calculating (Ux)? whereby we can rewrite above

formula as
(Ux - Ux)l/Z
and the last formula can be written as
(T UTux) /2.

Since U is orthogonal (i.e. UTU = I where I is the identity matrix), we obtain
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(x )72 = Ilxll, -
Thus
0[], = llxl,, (2.25)
and similarly
IVTxlly, = llxlly, - (2.26)
By using (2.25) and (2.26) we get
[ ®xll,, = IUZVTx|l, = [[UZx]l;, = [IZx]|;,-

As we previously mentioned that U,V are orthogonal matrices, therefore they are both

preserving norm. Hence, (2.24) becomes
(1 =8 )lIxll, < lIZxll;, = @+ 8)lIxlly, -
|

Next we are going to discuss the geometrical behaviour of RIP and uniqueness of the sparse

solution of system (1.1).

2.3 Geometrical behaviour of RIP
The shape of the set of matrices that has RIP of order 1 is a result of multiplying an annulus

by itself N-times by the following theorem.

Theorem (2.3): Let Mg, be a set of all matrices which have the RIP of order 1 and a

restricted isometry constant (RIC) &, ,then

Ms1 = D(61) X D(81) X ... X D(87)

N—times

where D(8;) is the annulus {x € RV| (1 —6,) < lIx]l,, < (1 + &)} In other words, the

matrix’s columns are in D(5;) X D(51) X ... X D(61).

N—times

Proof: Since Ms 1 has RIP of order 1, then by definition of RIP 36, € (0,1) such that

(1 =8)llxll, < llPxll;, < (1 + 8 )llxlly, (2.27)
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forall x € £, = {x| ||x]|;, < 1}.

0
Now, let Xq = 1

— 5 q"entry
0
In other words, x, is a vector which has only one non-zero element in the q™ column.

Therefore, ||xq”12 = /(1)? = 1 and equation (2.27) becomes
(1 -8 < [|oxg ||| < A+ 8).
It implies that

(1-6;) < llg*" column of @ ||, < (1 + &).

Then there is a map between the matrix @ and the annulus such that the first column in the
matrix ® maps the point in the first annulus and the second column in the matrix ® maps the

point in the second annulus and so on.

Figure 3: Annulus

Finally, by theorem (2.4) we show that if there is a sparse solution of the system (1.1) then it
is a unique sparse solution but before that we need a lemma whereby we show that [,-norm

has the property of sub-linearity.

Lemma (2.9) [sub-linearity of zero-norm]: For any vectors x and y in RY
llx + ylli, < llxlli, + il
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Proof: We start by re-writing the definition of [,-norm as follow:

N
Ixlly, = ) [
i=1

where [-]: R — R is a function

(1 ifx+#0
[ﬂ‘&)vxzo

Now, in the case where both x and y are zero it is obvious that
[x + y] = [x] + [¥].
Whereas if one of them not zero, i.e. if x # 0 or y # 0 then
[x + y] < [x] + [¥].

Taking the summation of the above inequality implies

llx + ylliy < llxlly + 1yl

Next, we proof the uniqueness of sparse solution of system (1.1) by the following theorem.

Theorem (2.4) [8]: Let ® be an M x N matrix which has RIP of order 2k with the RIC

&, < 1, then any k-sparse solution of system (1.1) is the unique such solution.
Proof: Suppose we have two k-sparse solutions of y = ®x , say x; and x, then
q)xl = d)xz =y Wthh Imp|IeS d)xl - d)xz =0 and (D(.Xl - xz) =0

Now, because x; and x, are both k-sparse solution of y = ®x, then one can apply lemma
(2.9) as follow

g + (—x2)Ml1y < g llyy + (i)
Then

llx1 + (=)l < Nlallyy + (Sllx2llyy) <k +k =2k
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which means (x; — x) IS 2k-sparse solution of y = ®x. Therefore, we can apply the
restricted isometry property definition because we concluded that x; — x, is 2k-sparse and

we just take the lower bound of the RIP inequality because the lower bound is crucial, i.e.
(1 = 821) llxx — x2llp, < 1Py — x4, (2.28)

Previously we assumed that &,, < 1 which means that (1 — &,;) is a positive quantity.
Therefore, if we divide both sides of equation (2.28) by (1 — &,;) then the sign of the
inequality is not going to change, as follow

(1 = &21) Il = x2lly, < 1D — x2)1li,
1 — 8z1) (A= b))

and we obtain

(e — x2)l;,
(1 = 825)

lx1 — x2ll;, <

Since ®(x; —x;) =0, thenwe get [[x; — x|, <0
But, by the definition of norm ||x; — x;l;, = 0iff x; — x, = 0 which implies

xl—x2=0 |ff X1 =Xy .
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Chapter 3

In this chapter we aim to construct matrices with the restricted isometry constant close to

1

5~ 0.7071 where sparse recovery (I;-minimization) fails to at least one k-sparse vector.

The goal is to understand how much improvement is possible over the best known positive
results which relate restricted isometry constant to sparse [; -recovery. We give an exposition
of M. E. Davies and R. Gribonval’s result in [11] but we specialise to [;-recovery instead of
L,-recovery that was generally dealt with in [11]. Also we extend the proofs of lemmas and

propositions that are given in [14]. In their paper, Davies and Gribonval showed that when

RIC &, close to \/1—? then there exist matrices such that [;-recovery cannot recover all sparse

vectors by the following theorem:

Theorem (3.1)[ Davies and Gribonval [11] ]: For any € > 0 there exist an integer k and a

matrix ® with RIC &, < % + & for which [;-recovery fails on some k-sparse vector.

The main idea of the proof of theorem (3.1) is to first reduce the search for the failing
matrices that we are interested in to what are called minimally redundant row orthonormal
matrices. By minimally redundant matrices we mean, a matrix ® € RM*N such that
M = N — 1. A row orthonormal matrix means that the rows of the matrix are orthonormal. In
order to find matrices for which the [;-minimization fails to recover at least one k-sparse
vector with small RIC &,;, we will be looking for [-failing matrices with largest possible
asymmetric RIC o2, ( we give the definition of Asymmetric RIC o2, later in this chapter, by
definition 3.2). Then the I;-failing matrices with largest o2, can be searched within the
restricted set of [;-failing minimally redundant row orthonormal matrices. Furthermore, for
the minimally redundant row orthonormal matrices, o, is completely determined by the unit
vector z which spans the null space of the matrix @, i.e. V'(®). We then recast the problem
of selecting I, -failing minimally redundant row orthonormal matrices with maximal 2, to an
optimization problem where we wish to select a unit norm vector z that allows [;-failing
recovery for k-sparse vectors. This modification can be done by changing the signs and
swapping appropriate columns of the matrix @. Finally we show how to construct the matrix

@ from the vector z.
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Because of theorem (2.1), RIP is one of the commonly used frameworks for sparse recovery

via [;-minimization. E.Candes in [7] showed that if RIC &,, <2 — 1 = 0.4142 then every
k-sparse vector can be uniquely recovered via l;-minimization. Later, this bound has been
improved by Foucart and Lai in [13] to &5, < 0.4531 and then to &, < 0.472 in [3].
Therefore, the main question that arises here is: how large we can set §,;, < 1 so that we can
recover every k-sparse vector via l;-recovery? By the end of this chapter we show that
&, cannot be bigger than 0.7071.

3 Matrices that fail to satisfy the null space property

In this chapter we are interested in sparse solutions to system (1.1), i.e.
y = &x (3.2)

where ® € RM*N such that M < N, and x, denotes a vector that is equal to some x on some
index set Q and zero elsewhere. Furthermore, the vector xq is |Q|-sparse and we say that the
support of the vector x lies within Q whenever x, = x. In chapter 2, we introduced the NSP,
given by definition (2.3), whereby for any non-zero vector z € N'(®) and a constant
C € (0,1) we had

zalli, < Clizaelly, -
This implies that
zall, <llzaclly 3.2)

is also true that any vector y whose support lies within €, can be uniquely recovered by the

following optimization problem
x;, = min,||x|[;, such that ®x =y. (3.3)

Furthermore, this particular definition of NSP (i.e. (3.3)) is tight because the inequality (3.2)
does not hold for some z € V' (®) then the vector x := z is supported on Q but it is not the
unique minimiser for (3.3), for instance we can take another vector to minimize (3.3) such as
X = —2zgc. Then ®(zg + zqc) = Pz =0 and bz, = —Pzyc = OX. This is a property that

we will call ‘l; failure’ from now on, i.e. when
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zall,, = llzaelly,-
Actually, in the worst case scenario we have
%1, = llzaclly, < llzall;, = llxll;,-

In this chapter we will work with a slightly stronger condition than the usual RIP, introduced
in chapter 2, by considering the Unit Spectral Norm Matrix and later we define the

asymmetric RIC.
Definition (3.1) [Spectral norm]:
Let ® € RM*N pe a matrix and let a vector x € RY. Then the spectral norm of ® is

l|Pxll;,

llxlls,

[I[®]]] := sup
0

X+
Then Unit spectral norm matrices are matrices with
@[] =1.
Definition (3.2): [Asymmetric RIC]
Let ® € RM*N be a unit spectral norm matrix. Then the asymmetric RIC o7 (®) is defined by

| Pxq I,

2
o (D) = min
(@) xq#0,|0]<k ||xQ||l2

We begin by a lemma which shows how the asymmetric RIC relates to previously defined
RIC definition when the matrix in the question is rescaled.

Lemma (3.1): Let ® € RM*N be a unit spectral norm matrix and o/ (®) be the asymmetric
RIC. Define ¥, := /#2@) @ as a re-scaled matrix of o (®). Then the RIC of a re-scaled
k

matrix W, , &, (¥,) satisfies

Proof: We start by considering the definition of asymmetric RIC together with unit spectral

norm matrix definition to obtain
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af (@)IxlIf, < llPxllF, < llxlIZ,.
Multiplying above inequality by 1% we obtain
o (@)Ixllf, < 22| PxlIf, < A%|Ix]IF, -
But the RIC is the smallest number &, such that

(1= 8lIxllf, < lloxllf, < (1 + &) lIxlIE,

holds for every k-sparse vector y allowing rescaling. In order to find the RIC we need to find

8, (¥,) such that

P af (@) = (1= 8 (W)
and

A2 =1+ 6,(¥)).

After substituting A2 = —

in (3.4) and (3.5) we get two simultaneous equations

1+(T,%
207(®)
T+ol(@) (1-68.(¥))
]_-l-O'—]?((D) = (1 + 6k(l}’k))

Then from the above two equations we obtain the rescaled RIC §;, (W} as follow:
From equation (3.6)

201 (®) _
T+ 02(®) (1-68,(¥))
which implies

200 (@)  1-0¢(D)
14+ 02(d) 1+ 0Z(d)

(W) =1

On the other hand, from equation (3.7)
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2 1— o2 (®)

M =@ T T T k@)
Then the RIC 6, (W) is
1 -0 (®)
6k(qjk) - 1 +O']g(CD) .

Hence the RIC is smallest constant so that

1— o (d)

5k(ka) < 1-I—a—kZ(CD)

Our goal is to construct matrices where [;-recovery fails for at least one k-sparse vector and
in order to find [;-failing matrices with minimum RIC §,;, we will be searching for [;-failing
matrices with the largest o,. We now reduce the search for I,-failing matrices to minimally

redundant unit spectral norm matrices by proposition (3.1).

The proposition below shows that 1, -failing unit spectral norm matrices with largest o7, (k is
an integer such that 2k < N ) can be searched within the restricted set of minimally
redundant row orthonormal matrices where [;-minimization fails to recover at least one
sparse vector. Furthermore, proposition (3.1) shows that minimally redundant row

orthonormal matrices are optimal among unit spectral norm matrices.

Proposition (3.1) [ Davies and Gribonval [11], Proposition 1]: Let ® € RM*N be an arbitrary
unit spectral norm matrix which is [, -failing for some k-sparse vector with M < N, then there
exists a minimally redundant row orthonormal (unit spectral norm) matrix ®* € RIN-DxN

which is [;-failing for the same k-sparse vector such that for every m
02 (®) < 0 (D).

Proof: We start by applying slightly a different form of the singular value decomposition on
® whereby we obtain ® = VEUT where V. € RM*M and UT € RM*N are row orthonormal,
and £ € RM*M js a diagonal matrix whose entries are singular values of ®. Since ® has a unit

spectral norm then
@l =llIvEuT||| =1
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but Vand UTare preserve norm because V and UT are row orthonormal , i.e.
IVxll;, = llxl;, forall x € RM. Hence
@l =HIVEUT|II=[1IZ]l| = 1

and for any vector x and any index set Q , we have

[ Dxqgllf, = IVEUTxolI}, = 12U x0|IF, < U xq 7.
Therefore
Pxollf,  NUTxqllF,
lxallZ, = llxall?

Now, since & is [;-failing for some k-sparse vector, then there exists some failing vector

z € V(@) and an index set ), of size k such that

20, l,, = ||a (3.8)

I

Now let W € RN*(N=M=1) he 3 matrix such that the rows of W forms an orthonormal basis of
the orthogonal complement to {z, U} (note that the rows of W forms an orthonormal basis to

the orthogonal complement of rows of U ).

Since z € V(®) then ®z = VXUTz = 0. Also, since VX # 0 because VX is an invertible
matrix. Therefore, the only way that ®z = 0 is that U7z = 0, i.e. z is orthonormal to the rows
of U. Therefore, the columns of {z, U, W} forms an orthonormal basis over RN whereby we

can write any x, € RNas:
xo=az+ Ub + Wc

for some a €R, b € RMand ¢ € RV"M~1, Next, define the minimally redundant row
orthonormal matrix ®* := [U, W]T € RN-D*N Sjnce U and W are row orthonormal and the

spectral norm of both of them is one, then spectral norm of ®* is one too, i.e.
@[] =1
and
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ld*xolli, = IlU, W] azll,, + IlU,W]"Ub ||, + II[U, W]"WCl|,,. (3.9)
Moreover, for any x, we have

[ Pxallf, MU xoI7
2 2

ol = lxallZ

(3.10)

So we compute the right hand side of the above inequality:
NUTxqllf, = lUTaz + UTUb + UTWC|},.

We previously showed that U” z vanishes, and UTU = Iy, Also, since every row of W is
orthogonal to {z, u;, ..., u,} (by orthogonal complement property) then (W;, z) = W/ z = 0.
Similarly, (W;, Uy = W/'U = 0. Then

NUTxqll5 = \UTaz + UTUb + UTWc||5 = [0 + Ib + 0[13 = ||blI}
Now we compute the denominator of (4.10), i.e.
lxall7, = llazll, + I1UDIIZ, + Wl .

Since z is orthogonal vector, then ||az||122 =a? and U is row orthonormal such that
IUDIIZ, = IIbllf, where b € RM. Also, since W is row orthonormal then ||[Wcll7, = I|c|I,.

Thus we can write the value of [|x ||122 as
lIxallf, = a® + IIbIIE, + llcll7,.
Then the inequality (3.10) becomes

l|Pxqll7, - U xall7, IIBIIE,

lxallf, = lixallf, — a?+IIbIIE, + llcllf,

By adding ||c||lz2 to the right hand side numerator in the above inequality we get

l|Pxqll7, - U xo I}, IIBIIF, - IBIIZ, + llcll?,
lxallf, = lixallf, — a® +IIBIE, + llcllf, — a® + IbIIF, + llcllf,

Since W'W = I(y_y—1)x(v—m-1) » then (3.9) becomes

0" xallf, = lIbIIE, + llcll,
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then we obtain

IPxllf, U xqllf, IIB1IF, IBIIE, + llcllf, o xqll7,

xqllZ

lxal?, a2+ 1bI2 +Ncl2, ~ a + [IbIZ + 1l lxall?
Hence

2 CD) < Z(CD*)
Gm( —_— Gm

Note that we concluded that ®*z = 0, hence z is in the null space of ®* which is [;-failing

for at least one k-sparse vector.
|

Next, by the proposition below we show that for the minimally redundant row orthonormal
matrices, the asymmetric RIC o7 (®) is completely determined by the unit vector z which

spans the null space IV (D).
Proposition (3.2) [ Davies and Gribonval [11], Proposition 2]:

Let ® € RN-DXN pe g minimally redundant row orthonormal matrix, and let z € RN with
llzll;, = 1 be a vector which spans N (®). Denoting €, the set indexing the m largest

components of z we have for every m
2 2
O-m(q)) = 1 - ||ZQm ||l2

Proof: Since z is in the null space of @ then ®z = 0 and @ is row orthonormal whereby the

columns of {z, ®"} forms an orthonormal basis in RN. Therefore, we can write any vector x

as:
x=az+®'b (3.11)
wherea € Rand b € RN~ and ®x = ®za + ®®"b but &z = 0 and ®D' = | then
Ox =b
and
lox|If, = IIblI,. (3.12)

If x has a unit norm then
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1= |lxlIf, = a® + [Ibllf,. (3.13)
But
a’=lal>=laz'z+b"®z|? = |(az" + bTD)z|* = |xTz|? = |zx|* = |(z, x)|?

where x has the form of (3.11). By using (3.12) together with the value of a? we can write
(3.13) as

1= lxllf, = @® + Ibllf, = Kz, x)I* + oyl
hence
0xI7, = 1= Kz, %)/, (3.14)
Finally, to find the asymmetric RIC of @, we need to solve the problem

2 _ : : 2
o (@) = Jiin - min |Pxo|l7, -
lIxall=1

By using (3.14) we obtain

min rr%Si)n ||(I)xQ||122 =1— max max 1(z, xq )|

QlQl<m QlQl<m
lxqll=1 lxqll=1
then
2 2
o5(®)= 1— max max |[(z,x .
% (@) Jmax  max [(z,xq)|
lxall=1

In other words, we need to find the unit vector x;, that is maximally correlated with z. For a

zq
iz llz,

given Q that satisfies with x;, = , whereby |(z, x)|* = [Izq I}, Hence, the best Q is

the one that captures the k largest components of z because asymmetric RIC o (®) is the
minimum of ||d>xQ||122which obtains by subtracting the result of maximum inner product

between z and x, from one.
|

Next, we introduce a technical lemma which we need in order to explain the structure of

optimal z in the null space.
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Lemma (3.1) [ Davies and Gribonval [11], lemma 2]: Let u; > vy = v, >u, = 0 such that

u; +u; =vy +v,.Then
w2 +uy? > v+ vyt
Proof: Let J(uy,u;) = uy? + u,? , and we have u; + u, = v; + v, which implies
U, =vy +vy —uy.
Substituting the last equation in J we get
](Ul,uz (u1)) =w?+ (vi + vy —up?
This implies
J(ug, uz(wy)) = 2(uy” —wy (vq + V) +vivy) + (v42 + v52).
Hence
](U1;U2(U1)) =2(u; —v)(u — v2) + (vi2 +v,?)
which is strictly positive by the assumptionu; >v; =>v, = 0.
n

Keep in mind, our original problem which was to select a minimally redundant row
orthonormal matrices with largest a2,. Then by proposition (3.2), minimally redundant row
orthonormal matrices with largest o2, is completely determined by a unit vector z which
spans the null space of ®. Characterizing the unit vector z with largest %, can be modified in

to an optimization problem where we wish to determine the form of the optimal vector z.

Up to column permutation of @ and sign changes we can assume that z; > z;,; = 0 and the

- . . 2
Iy-failing assumption is that ||zq,, ||, = ”zggk
1

2
|z . When z is [;-failing for some Q,, , then it
1

is [;-failing for k-largest entry of z,, .

In other words, consider a matrix ® and a vector z that solves @, i.e. ®z = 0, then by
swapping any 2 appropriate columns of @ and changing signs then z; > z;,; = 0. We take

an example to illustrate what we said about swapping the columns of ® more clearly.
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2
Consider @ = H (1) ;] then =] 0 ] € N (D)., i.e. ®z = 0. Now, swap 2 appropriate
-1
o F 20
columns of @ (in this example we must swap columns 2 and 3), then ® = [1 5 1] and
Nk , , n 1 =20
thenz = [—1] € V(@ ). Multiply the second column of ® by (-1) then ® = [1 _y 1].
0

2
Thus, z' = H solves ® and z; = 2,z, =1 and z; = 0 then we obtain that z; > z,.1 = 0
0

as we claimed. Note that @ is minimally redundant because the number of its rows is one
less than the number of its columns and it is rows are orthonormal because swapping columns
the inner product is still zero. Also when ® has unit spectral norm, then swapping columns

does not change the unit spectral norm property of @ .

By defining A4y ={1,...,m}, A, ={m+1,..,k} and A, ={k+1,...,N} we can turn our
problem of finding the largest o7, (®) into an optimisation problem, given by lemma (3.2),

whereby we wish to select a unit vector z that allows [;-failing reconstruction for k-sparse
. . 2 .
vector while minimizing ||z, ||, . The next lemma shows that one only has to consider a
2

simple form for the optimal vector z. Furthermore, this optimization problem below is
equivalent to the problem that we are interested in, i.e. the problem of finding the largest

asymmetric RIC ¢2,. By proposition (3.2) finding the largest asymmetric RIC o2, of the
matrix @ can be determined by (1 — ||z,,, ”12 ) where ||z||7, = 1 which is constraint (3.17) in
2

lemma (3.2). We can write the unit vector z in terms of Ay, A; and A, as follow:
2 2 2
I, = llzag I+ Mz, I + ez |12 = 1.
This implies
2 2 2
lzagll? + llzag I} = 1= llz, I}

By proposition (3.2), minimizing the function, J(z), (defined below in (3.15)) is equivalent
with minimizing ”ZA0”12 + ”Z/h”zz = ||zﬂk||l2 . The ;-failing inequality can be interpreted in
2 2 2

terms of Ay, A1 and A, as

74,11, = llzasll,, = llza,a I,

L
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and by lemma (2.8) this implies
leagll, = llzall, + ],
Hence

leall, + Nz,

],

which is constraint (3.16) in the lemma below. Finally, as we previously discussed the form
of unit vector z can be assumed as z; = z;,; = 0 which is constraint (3.18) in the lemma
below. By previous analysis the problem of selecting [;-failing minimally redundant row

orthonormal unit spectral norm matrix & becomes an optimization problem as shown below.
Lemma (3.2) [Davies and Gribonval [11], lemma 3]:

Consider k > 2m and let z* € RN be a solution to the following optimization problem:

2 2
leal? +la, I,

Minimise: J(z) := 7 (3.15)
24, 1l,,
. llzayll,, +llza,
Subjectto: = ——a 2 < (3.16)
lzaoll,,
lIlzIlf, = 1 (3.17)
and Z; = Zi41 >0 (318)

Then z* is piecewise flat (by flat we mean that the elements have the same value), and has the

form:

z*=[a,..,a,pB,..,B,70,..0]" (3.19)
m L

for some constants « > # >y = 0and some L suchthatk + 1 <m+ L < N.

Proof: Firstly, due to the continuity of J(z) and the compactness of the constraint set, an
optimum z* is guaranteed to exist. This is because a continuous function on a compact set
always attains its minimum and maximum value. Then by the contradiction we prove that the

shape of z* is flat.
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We split the proof into three parts, firstly we show that z;, is flat, then we show that z is flat
as well and finally by proving z;, is flat we will conclude that z* has the claimed form in

(3.19). By using the lower bound of Lemma (2.5), we have

=1/2||.,*
=m /|ZAOI
2 1

Al (3.20)

where m is the order of sparsity. In terms of Lemma (2.5), the equality holds when x and y

are linearly dependent and we obtain

1Ce ) = Nlxlli, lylli,

and then by using the above formula for proving the lower bound of Lemma (2.5) we get the

equality in (3.20). In other words, the equality holds only if z/ = m_1|

* .
Zp, llfor alli € Ay,

which means that z,  is flat. Next, we define z by z/'llu/12 = Z,ua, and 7, = m_1|

we
1

*
ZAO !
g

12”1l

z  is satisfies the constraints (3.16), (3.17) and (3.18). Firstly, (3.17) holds as z is a unit

vector. Secondly, we shall prove that z* is satisfies (3.16), in other words if we could show

then rescale the vector z to make it feasible, i.e. let z' = and later we must show that

that z is satisfying (3.16) then z" is satisfies (3.16) too because (3.16) is a scale invariant

constraint, now by using the assumption z/'llu/12 = z,,ua, We obtain

lza,ll, = llzi. I,
and
lziall, = llzi, ],

Let z,'lo = (@, ..., @) where we have m number of @ ’s in z,'10 , and by computing the [;-norm

of z,, we get:

]l = ma = m (m-

11)'

z where i € A,. We end up with
1

*
ZAO

By the assumption z; = m™1|

*
ZAO

Izl = lz,

I
Hence z' is satisfies (3.16), i.e.
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il

el +lall, Nz, + iz

A

! I

*
V4
AO ll

As z* is feasible. Finally, to show that z; >z, = 0 we need to show that z; > z,,, > 0 as
z, =2z,,, 20 ifandonlyif z >z, = 0 as the constraint (3.18) is scale invariant.

In order to show that z; > z;,,, we shall take all possibilities that i might take, i.e. when
i<m,i=m andi>m. In the case of i <m, z; =z, because we flattened z by
dividing it by its length. When i = m, zlf > z,, by the fact that flatten vector is greater than
(or equal) to the smallest entry (element) of the same vector before flattening it, i.e. let x be a

set of numbers, then min(x) < average(x). This implies that

! * *
Zym 2 Zym 2 Zpa1

*

Butz, ., = z},.1, hence z,, > z,,,, . Lastly, in the case of i > m, we previously assumed

that z,'llu,12 = Z,ua, Whereby we concluded that z is feasible.

Next, it will be shown that z; is flat with all entries equal tozgy; = [|z3,[| . By

contradiction, assume that z; # zj., for some i € A; and then construct z' by letting
,
l1z" I,

that z~ is feasible, i.e.z' must satisfy constraints (3.16),(3.17) and (3.18). It is obvious that

Zpyun, = Zigua, and z; =z}, for alli € A;. By rescaling, z* = then we must show

llz" ||122 = 1 because z  is a unit vector and thus (3.17) holds. By the assumption

! I
ZAQUAZ - ZAO uad,

we obtain

*
Zp, Ay

ll and ”Z/,lzllll = |Z’)<

Izl = .

Also since z; = zj,1 Vi € Ay, then ||z, ||, = ||maxi€z,)||, and we conclude
1 1

7,11, + Nz, ],

T,

hence
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Izl + Nz,

AN

Thus constraint (3.16) holds for z”*. As we mentioned previously z; >z, = 0 if and only

if z, >z, = 0 which means that in order for z" to satisfy (3.18) we shall prove that z’

satisfies (3.18).To do that we investigate all possible cases that i might have as follow:
When i < m, then z,'10 = z;, because we assumed that z/'lou/12 = Zj,u4, Which implies that

Z/’10 = Z?{O- If i =m, then z,'n = z,, and since k + 1 > m we obtain

I

— *
Zm = Zm+1-

Whereas if i < k then zlf = 7,41 Since all i € Ay. Finally, in the case of i > k + 1, by the

assumption z/'lou/12 = Z5,u4,We Obtain z; = z7 . Therefore, by the above analysis we conclude

z; 2 z;,4 = 0which leadstoz, >z,.,, =0.

We are now going to describe the shape of z;,. Let j be the smallest index such that z" < z

and [ be the largest index such that z; > 0. Suppose that j # [, otherwise we already have the
form in (3.19). Next, construct z with non-increasing, positive entries such that z, = z;" for

all i # {j, [} as follow:

CLif z7 + 7z <z, we set:

C2:if z7 + 2z > 7, , we set:

zj’ =z} and z, =z +z] — 7.
At the beginning, by C1 and C2 we obtain that ||z’ I, = llz"|l;, as follow:
N N
120, = ) 1zl = Y 7= Y 7+ 47
i=1 i=1 ¢
where = {1, ..., N} — {j, [} . If we are in the C1 case;

Zzz +7 +2 =ZZ<+(ZJ*+ZI*)+O=ZZZ +2z7 +z) = 127l

¢ ¢ ¢
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A

Figure 4: We flattened z}\o and z,'\l, and we want to show that the vector z}\z contains one element which is not equal

\
m

to zj or 0.
In C2, Since z, > 0 then
N
D+t =)z =1,
7 i=1
hence
Iz, = Nz"1ly,. (3.21)

Furthermore, lemma (3.1) implies that [|zy, || > [|z7, ||, as follow:
2 2

Letu; = z,u; = z,v; = z' and v, = z;" then we need to show that

J
() + (@) > () + (2"
In other words, we shall show that zj' >z =z > z, = 0 in terms of both C1 and C2. We

start by showing that z; > z" as follow:

In C1, since z; > 0 then z > z" because z; = z + z;. Whereas in C2, since z = z; and by

the assumption z" < z; we end up with zj' >z

Furthermore, z" > z; since z; = z;,,. Finally, z; > z as follow:
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*

In C1, since z7 >0 and z = 0 thusz; > z. In C2, it is given that z, = z; + z/ — z; ,
S0z — z;, must be less than zero in order to obtain z, < z]. But 7z < zj then z7 — z; is less

than zero and thus z; > z, as claimed. Finally, z, > 0 as follow:
In C1, we already assumed that z, = 0 whereas in C2 the constructed z, > 0. Therefore,
z, >z’ >z >z > 0 and then by lemma (3.1) we obtain

)"+ (2)* > ()° + (@)

Hence

AR AR

This implies that J(z') < J(z*) (by the fact that we divide ||z,10||122 + ||z/11||122 by a greater

2
p t

. . . ' . . . P 2
quantity which is ||z, ||, in comparison with dividing ||z, z; || by a smaller
2 2

’
V4

quantity which is [|z7, || ). Again we rescale to make the vector z feasible, i.e.letz =
2

*
Z = 7
42 lz"lly,

which satisfies the constraints (3.16),(3.17) and (3.18) as follow:

By using (3.21) we have

* *
ZAl I + | ZAZ

el + Nz, | .

I,

Z*
AO ll

Thus constraint (3.16) holds. It is obvious that constraint (3.17) holds as z" is a unit vector.
There is only one constraint left that z* must satisfy which is constraint (3.18). It has been

assumed that

1

z, =z Vi*{,l}

So we need to investigate the cases below in order to show z has the form of (3.18):

1

Zi_q1 27 (3.22)
z]-' =7y (3.23)
zi =2z (3.24)
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7 =z (3.25)

Furthermore, for all cases above from (3.22 - 3.25) we need to consider each case in both C1

and C2. Starting with (3.22) in C1, we already have z"; >z, z" < z; and z > 0. This
implies that

I

122,27, (3.26)

This is because we assumed j to be the smallest index and thus (3.22) holds in C1. Moving on

to verify (3.22) in C2, since z = z; and z"_, > z" then

* * ! *
; > = 7. ;
Z]—l Zy, Z] >Z].

This implies z"_; = zj' and then (3.22) holds in C2 as well. Next, (3.23) will be verified in
both C1 and C2 as follow:

In general, we have

zt >z >

*
i —1 ' ZZIZO

%41
and the assumption z; > z" + z; in C1 implies

* * * * * *
Z]'_lzzj ZZ] +Zl = Zj+1221 = 0.

But z" + z; = z then we obtain

z >z >z >

*
i i = 4 ZZIZO.

%41
Hence zj' > z]-*Jr1 , 1.e. (3.23) holds in C1. On the other hand, in C2, z]-' = z;, and it is given

that

* * *
Zk>Zj ZZ]'+1

thus zj' > 7,41 and (3.23) holds in C2. To confirm (3.24) in both C1 and C2. In C1, zl' =0
and since z" ; > z; > 0 then it is clear that z; < z*_;. Thus (3.24) holds in C1. Also, in C2
we have z;, = z; + 77 — 7z but z7 — 7 is negative since z" < z; , then z, <z and it is

given that z;° < z_; thus

7z, <z <z_4.
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This implies z, < z/_, then (3.24) holds in C2. Finally, (3.25) holds in both C1 and C2 as

follow:

In C1, z, = 0 and since z; > 0 > z,, then z; >0 =z, > z;,;. Thus z, > z},, ,i.e. (3.25)
holds in C1. Furthermore, in C2 z < z; and we have z; > z,, , therefore z >z, > z},,
whereby (4.25) holds in C2.

Figure 5: Shape of the optimal vector z.

To sum up, by the above analysis we can conclude that z;, can only have one element not

equal to z; or 0. This concludes the proof that z* must have the claimed form in (3.19) with

parametersa > >y =>0andk+1<m+L < N.
u

Next, we calculate the largest asymmetric restricted isometry constant .. To do so, we need

to evaluate optimal «, 5,y, m and L. Next lemma will be used later to proof theorem (3.2) .

Lemma (3.3) [Davies and Gribonval [11], lemma 4]:

Consider 2k < N, and n; =2 — 1. Let z € RV be of the form (3.19) witha > 8 >y >0
and k +1 < L < N — k, and assume that z satisfies (3.17) with

lzanll, #lzaoll,
REELU L (3.27)

el
Then
2
”ZQZk”lz = 2.

Proof: We start the proof by defining both L and 7 as follow
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k
ni=1 (3.28)
Since >y then L < L < L + 1 and the I;-failing equality constraint (3.27) reads
ma=(k+1-m)f+vy
and k+1—m =L, then
ma=LE+y
Dividing the last equation by £, we obtain

B =

m
f .
By (3.28) we obtain
B =na.
Since ||z||f, = 1, then it implies
2 2 2
el + a2 + el = 1.
. 2 2 2 2 2 2
Since ||z,10||l2 = ma?, ”Z/‘1”12 = LB? and ”ZAzllzz = y2, then
ma® + LB% +y? = 1.

We can re-write the above last equation as follow

ma? + LB% + (/Zg)ﬁz — (g)ﬁz +y?%=1.

This implies

y y _
ma + (L+ ) - (E)ﬁz +y2 =1,

Since L + % = L' then we obtain
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ma?+ Lg% =1+ ([V;)ﬁ2 —y2>1 (3.29)

with equality when y = 0. Substituting 8 = narand L' = % in (3.29) we get:

ma? +%(na)2 >1
then

ma? = (1+1)"! (3.30)
and it follows that

||z!22k||l2 = ma? + mB? = ma? + m(n?a?) = ma?(1 + n?).
2

By (3.30), we get

2 _ (1419

”Z-sz”lz 2 (1+T]) (331)

2
Differentiating the right hand side and equating to zero, i.e. let w = 8:13 then
1

dw n?+2n, —1
dn (1+m)?

We observe that the zero of the derivative indeed yields a minimum, therefore
Nt +2m —1=0
and then n; = v/2 — 1. Substituting the value of 7, in (3.31) gives:
oy, I =292~ 2= 2,
This implies
||202k||122 = 2m,
|

By previous lemmas and propositions we construct minimally redundant row orthonarmal

matrices whereby there exists a sparse vector which cannot be recovered by solving (3.3). In
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their paper particularly theorem 3 in [11], Davies and Gribonval proved a more general result
whereby they showed how one can construct successful candidate matrix for [;-recovery by
assuming above lemmas and propositions.

Theorem (3.2) [Davies and Gribonval [11], Theorem 3]:

Consider 0 < n; < 1 be the unique positive solution of
n+2n—1=0

i.e; =+v2—1. Then for every & >0, there exist integers k> 1,N>2k+1 and a
minimally redundant row orthonormal matrix ® € RV =D*N with:

azzk(GD) >1-2n —¢

for which there exist a k-sparse vector which cannot be uniquely recovered by
solving [Izolli, < llzaelly,-

Proof: Consider a unit spectral norm matrix ®. Assume that & is [, -failing for some k-sparse
vector. Then, by proposition (3.1), 3 ®* € RW=D*N \where &* is a minimally redundant row
orthonormal (unit spectral norm) matrix which is l;-failing for the same k-sparse vector such
that

05 (®) < 5 (®*)

Also, by proposition (3.2),

0(P) <1 - ||ZQZk||122

Where z is a unit vector which spans the null space V' (®*). Since ®* is [;-failing, then after
proper re-indexing and taking the absolute value, z satisfies the constraints (3.16),(3.17) and
(3.18). Therefore by lemma (3.2) z has the form of (3.19) and by lemma (3.3)

||ank||,22 > 21, . (3.32)

Note that n, is the largest lower bound. Now, for every € > 0, 2n; + € will be the new lower
bound. By contradiction, suppose that there is not such a bound then (3.32) becomes

”Zﬂmc”lz2 =2m te

This produces a minimally redundant row orthonormal unit spectral norm matrix @3 with
o5 (®}) =1—(2n; +¢)

which is [;-failing for some k-sparse vector.
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Finally, we show that when RIC 6§, = 0.7071 then the l;-recovery fails to recover all k-
sparse vectors. This indicates that there is a limited room over the best known result of for
which all k-sparse vectors can be recovered by [;-recovery when 6,, ~ 0.4531.

Proof (of Theorem 4.1): In order to find [;-failing matrices with smallest RIC &, , we will
be looking for the I;-failing matrices with the largest asymmetric RIC o2,. By theorem (3.2),
we have o2, =3 — 2v/2 — e . Using lemma (3.1) for the rescaled matrix, ¥, , we have

2 1

Y, =(——)20¢
2 = 1+ 03, (CD))

whereby the rescaled RIC, 8,5 (W5y), is

1 — 05, (P)

6o (W) £ ———-—.

Assume that o2, = 3 — 2v/2 , then substituting this value of o2, in the above inequality we
obtain

1-34+2V2 -2+2V2 V2-1 1

8 (W) < - _ -
2 (¥zi) 1+3-2V2 4-2V2 2-V2 <2

Then

b S 7= (333)

But subtracting a positive quantity from ¢Z, which is &, means we add a positive quantity (i.e.
€) to the right hand side of (3.33) whereby &, will not be equal to \/% Hence

1
62k <—+c¢

V2

such that for every € > 0 there exist matrices W,, where [;-recovery can fail.
|

After we theoretically showed that one can construct [;-failing minimally redundant row
orthonormal unit spectral norm matrices, we next try to construct an example of a matrix that
has these properties. Before going to discuss the procedure of building up [;-failing matrices,
we need a theorem known as Gram-Schmidt theorem. Below we state Gram-Schmidt then by
using this theorem we go through the procedure of constructing [;-failing matrices.

Theorem (3.4) (Gram-Schmidt): Consider a vector v in a finite dimensional inner product
space V. Then there exist a set of orthonormal basis that contain vector v.
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3.1 Constructing L;-failing matrices

In this sub-section we try to give a general procedure for constructing [,-failing matrices.
Building up [;-failing matrices from the unit vector z have not been discussed deeply in [11].
Whereas here we somehow show that one can construct these matrices (i.e. [;-failing
matrices) in a general form. To do that we need to use what is known as Gram-Schmidt
theorem, given by theorem (3.4), for constructing a set of orthonormal basis from the unit
vector z.

Proposition (3.3): Let z € RV be a vector which has the form of (3.19). Then we can
construct a minimally redundant row orthonormal unit spectral norm matrix & that contain
z such that @ € RW=DxN,

Proof: Select vector z in a way that has the form of (3.19). Then use the Gram-Schmidt
procedure to create a set of orthonormal basis, say {uq, uy, ..., uy_1}, such that z = uy is the
first orthonormal vector in that set. Then select the rows of matrix & to be the transpose of
the orthonormal basis vectors above, i.e.

T
UN—1d (v _1)xn

Firstly, @ is minimally redundant as the number of its rows is equal to the number of its
columns minus 1. Secondly, @ is row orthonormal as we constructed the rows of @ by Gram-
Schmidt process. Finally, multiplying @ by one of its rows, then the result of taking
Euclidean norm of this multiplication and dividing it by the norm the row will be 1. In other
words, in order to show that & is a unit spectral norm then ® must satisfy definition (3.1), i.e.

l|Px]l;
P[] = sup L=
x#0 ||9C||z2

where x is the transpose of one of the rows of ®. It is clear that ||x||;, = 1 as it is created by
Gram-Schmidt procedure. Also, because we selected a row which is orthonormal with all of
the rows of @ to multiply @ by, then the result of taking norm of this multiplication will be 1.
Finally we end up with a matrix & which has the property of minimally redundant row
orthonormal unit spectral norm whereby [, -recovery can fail.

To make this procedure clearer, we take an example and we go through each step that we
claimed above.

Let d € R3** be our given matrix. Then we select the vector z such that it has the following
form
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J3/4

1 /x/_
1 /x/_
11 /x/EJ

where z has the form of (3.19). In other words, L = 2 and m = 1 where k = 2m = 2 then
k+1=3<m+L=3<N=4.

Now, z is a unit norm and it has the form of (3.19). Next apply the Gram-Schmidt procedure.

0
Let v; = z,and v, = and v, = 2 are three standard basis of R*. According

1 0
0 1
0”3 |o
0 0 0

to the Gram-Schmidt theorem, we assume that the first orthonormal vector u; is the same as

the first vector in the inner product space which is z, i.e.

[V/3/4]

B B | 1/\/_|
u, = =Z= | |
[1/\/_
1/V12
Also , the second orthonormal vector u, can be obtained by
U = 1y — (u1,vz>u
2 2 <u1’u1) 1

Since (uy,uy) = 1 and (uy, v,) = +/3/4, then the above formula can be written as

[ [
_ 10 —1/4 -1/4
uz—[O]+| 14J| 1_1/4.
0 1/4

—-1/4
Then we normalize u,, i.e. u, = — such that
1/4 1/2
—1/4 _|-1/2
1174 = |=1/2|
-1/4 —-1/2

This implies that [Ju, || = 1. Next we find the third orthonormal vector us as follow:

_(ul'v3> _(uz,v3)
(ug,uq) ! (uz, uy) 2

Uz =
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Since (uq,uq) = 1, (uy, uy) = 1 and by substituting the values of v3, u, and u,in the above

formula we obtain:
0n [ —1/4 1/4
|| |Fraz| (-1 2/3
Us = ol * [—1/12| T |-1/4| T |-1/3]
0

~1/12] |-1/4] [-1/3

Normalizing us, i.e. uz = ” Where lus|l = NG WI|| give a normalized vector us as follow:
0
[V2/V3]
% =1 -1/vg|
-1/l

which has unit norm. Finally, we calculate the last orthonormal vector as follow:

(ul,vzx)u _ (uz:v4>u _ (uz, v4)
(uq,uq) ! (uz, uy) ? (uz, uz) :

Uy = Vg —

By substituting the values of v,, u;, u, and u; we get:

0 —1/2\/_ 1/4 1—\/_/4
_ 1o -1/12 —1/4 1/3
=11 ~1/12 Tl 14|t =176 T 1/2 '
0

1121 L-1/4] 1-1/6 -1/2

By normalizing u, we obtain:

1-+2
V11 =22
0
Uy = 2 .
V11 =242
-2
V11 — 2+/21
Finally, the rows of matrix @ is the transpose of w4, u, and us as follow:
. 1
2 2 2
V2 ~1 ~1
P = 0 NG = =
NERN V6
1-vz_ 2 —2
V11 - 2v2 V11 -2v2 V11 -2v2.
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It is clear that & is minimally redundant as ® € R3** = RV-DXN where N = 4. Also, the
rows of & are orthonormal as they constructed by Gram-Schmidt process. Hence @ is a
minimally redundant row orthonormal matrix. To show that ® has unit spectral norm, let
x = uz which is the second row in matrix . Since

|®x|[;, = 1and ||x|,, =1
then
[[[@]]] = 1.

Finally, we concluded that @ is a minimally redundant row orthonormal matrix which has
unit spectral norm.

55



3.2 Future work

After we showed that in order to search for the [;-failing matrices we need to search for the
minimally redundant row orthonormal matrices. Then this might help for investigating
whether it is sensible to consider that [;-failing matrices have the minimally redundant
property (i.e. to throw away the unit spectral norm property). Furthermore, by theorem (3.1)
we stated that §,, cannot be bigger than 0.7071 in order to recover all sparse vectors and it
was already known that when §,, < 0.472 then we recover all sparse vectors. Then there is a
gap between these two results and the question that arises here is: what if we have a
minimally redundant row orthonormal matrix such that &, has a value in the gap between

these two results above, i.e. between 0.472 and 0.7071 ?
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